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ON THE SPECTRUMS OF ERGODIC SCHRODINGER 
OPERATORS WITH FINITELY VALUED POTENTIALS 

ZHIYUAN ZHANG 


Abstract. We show that the Lebesgue measure of the spectrum 
of ergodic Schrodinger operators with potentials defined by non¬ 
constant function over any minimal aperiodic finite subshift tends 
to zero as the coupling constant tends to infinity. We also obtained 
a quantitative upper bound for fhe measure of the spectrum. This 
follows from a result we proved for ergodic Schrodinger opera- 
fors with potentials generated by aperiodic subshift under two 
conditions on the recurrence property of fhe subshift. We also 
show that one of fhese conditions is necessary for such resulf. 
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1. Introduction 

This paper is motivated by Simon's subshift conjecture ( in llTOll , 
see also [5] ) and the desire to get a better understanding of recently 
discovered counter-examples in (T]]. Consider an aperiodic strictly 
ergodic subshift over a finite alphabet, which is assumed to consist 
of real numbers for simplicity, consider the Schrodinger operators in 
with potentials given by the elements of the subshift. By min¬ 
imality, the spectrum is the same for every element in the subshift. 
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The common spectrum was suspected to be of zero Lebesgue mea¬ 
sure. For CMV matrices, Barry Simon conjectured the following in 

m- 

Conjecture 1. Given a minimal subshift ofVerblunsky coefficients which 
is not periodic, the common essential support of the associated measures has 
zero Lebesgue measure. 

There is also a Schrodinger version of the subshift conjecture ( see 

CD, 

Conjecture 2. Given A C ^finite and a minimal subshift O c 
which is not periodic, the associated common spectrum has zero Lebesgue 
measure. 

It has been shown that for stricfly ergodic subshifts satisfying the 
so-called Boshernitzan condition, the Schrodinger operators have 
zero-measure spectrum for any non-constant potentials lH, and for 
CMV mafrices, one has zero-measure supporfs (Zll. More resulfs on 
subshifts associated operators can be found in 

In the recent work of Avila, Damanik and Zhang 111, the subshift 
conjecture is shown to be false, for both Schrodinger version and the 
orginal version for CMV matrices. In fact, the authors proved the 
following theorem for Schrodinger operafors ( Theorem 1 in IT! J 

Theorem 1. Given A C IR with 2 < cardA < oo, there is a minimal 
subshift n C A^ which is not periodic, such that the associated spectrum 
E C IR has strictly positive Lebesgue measure. 

They also proved a CMV matrices analog ( Theorem 2 in IT! J 
which disproved the subshift conjecture in its original formulation. 

In m, the authors also proved a positive result roughly saying 
that when the system endowed with an ergodic invariant measure is 
relatively simple, the associated density of sfafes measure is purely 
singular. The precise condition is formulated as being "almost surely 
polynomially transitive" and "almost surely of polynomial complex¬ 
ify". This theorem works for subshifts generated by translations on 
tori with Diophantine frequencies, cerfain skew shifts and interval 
exchange transformations. Note that this theorem does not imply 
that the measure of fhe spectrum is zero. 

Given this new phenomenon, namely that subshift generated po¬ 
tentials can give positive-measure spectrum, the following question 
arises naturally. 
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Question 1. Given a minimal aperiodic subshift and a non-constant po¬ 
tential function, how large can the Lebesgue measure of the spectrum be 
? 

This paper is an attempt to study this question. The main result is 
the following. 

Theorem 2. Given any k>2,a minimal aperiodic subshift O C 
Then for any 0 < 7 < ^ the following is true. For any non-constant func¬ 
tion u : {1, • • • , fc} —> R, there exists G > 0, such that for any A > 0, the 
Lebesgue measure of the spectrum of the Schrodinger operator with poten¬ 
tial \v is smaller than GA~'^. 

We actually proved the following more general result for ergodic 
Schrodinger operators with shift-generated potentials 

Theorem 3. Given any k > 2, an aperiodic subshift Q C {l.-'-YF 
endowed with an ergodic shift invariant measure p, such that : (1) there 
exists an integer K > 0 such that p{{cv;cvo = oii = • • • = cv^-i}) = 
0; (2) there exists an integer L > 0 such that for any 1 < i < k, any 
CO = {cvp)p^z. £ suppy, there exists 0 < j < L — 1 such that cvj = i. 
Then for any 0 < 7 < there exists a constant C > 0, such that for 
any non-constant function u : {1, • • • > R, denote A = min(|z;(i) — 

v{j)\;l < i < j < k), then Leb(fLy) < GX~^. Here'Ll; denotes the almost 
sure spectrum with potential v. 

In fact, we will prove a better bound for the exponent 7 based on 
more detailed knowledge of the recurrence property of the subshift. 

Since any minimal subshift O, any ergodic shift invariant measure 
p on Cl satisfy condition (1),(2) in Theorem |3l, Theorem follows as 
an immediate corollary. 

To the best of the author's knowledge, this result seems to be the 
first non-trivial upper bound for the Lebesgue measure of the spec¬ 
trum for this class of Schrodinger operators without any complexity 
bound assumption. 

We note that if one only assumes the conditions of Theorem |3l 
one caimot hope to prove zero-measure spectrum for all sufficiently 
sparse potentials. In fact we have the following theorem which is a 
slight modification of Theorem 1 in UTl. 

Theorem 4. Given any k > 2, e > 0, any countable subset B of non¬ 
constant functions from A to K.There exists C > 0, a minimal aperiodic 
subshift n C {1, • • • ,k}^ with complexity function p satisfying p{n) < 
Gn^~^^,\/n G N, such that for any v G B,the Schrodinger operator with 
potential v has spectrum of strictly positive Lebesgue measure. 
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Here for any n > 1, the complexity function p(n) denote the num¬ 
ber of different words of length n appeared in the subshift. This no¬ 
tion can also be found in many literatures on Schrodinger operators 
with shift-generated potentials, for example [H, [Si and HU. 

We also note that the condition (1) in Theorem |3] is necessary to 
ensure that the measure of the spectrum tends to zero as the "sparse¬ 
ness" of the potential function grows to infinity This is seen from the 
following theorem, which seems to be folklore. 

Theorem 5. Given any k > 2, a subshift O C {1, • • • ,k}^, an ergodic 
shift invariant measure y such that there exists i G {1, • • • ,fc} such that 
for any integer N > 0, y{{cv;cvQ = coi = • • ■ = con-i = 1}) > 0. Then 
for any function V : {1, • • • > W., we have [—2 + v{i),2 + v{i)] C 'Ly. 

Here Hy denotes the almost sure spectrum with potential v. 

1.1. Outline of the proof. As mentioned above, the subshift con¬ 
jecture is true for many subshifts. As discussed in 0, two princi¬ 
pal approachs for establishing zero-measure spectrum are: 1. Using 
trace map dynamics; 2.Proving uniform convergence, usually un¬ 
der Boshernitzan's condition. In both cases, one first show that the 
spectrum coincides with the set of energy on which the Lyapunov 
exponent vanish, then apply Kotani's theory 111. Thus in these ap¬ 
proaches, one comes down to showing that non-uniformly hyper- 
bolicity does not appear at all. 

In order to prove our result, we have to consider the possible ap¬ 
pearance of non-uniformly hyperbolic dynamics.Then the main task 
is to show that the set of energy corresponding to non-uniformly hy¬ 
perbolic dynamics has small measure. Instead of directly establish¬ 
ing uniformly hyperbolicity for many energies, we appeal to Berezan¬ 
sky's theorem in the spectral theory of lattice Schrodinger operators, 
which says that for almost every energy with respect to the spectral 
measure, there exists a generalised eigenfunction with polynomial 
growth. We will construct a closed subset / C R of small Lebesgue 
measure and a subset O' of the shift space of positive measure, such 
that for element co G O', for any energy outside of this closed set, 
the Schrodinger operator associated to co has no generalised eigen¬ 
function of polynomial growth. This approach concerning the gen¬ 
eralised eigenfunction is inspired by the proof of Theorem 3 in 111. 

The main technical difficulty with this naive approach is that : 
We still have to consider dynamics associated with different energy, 
whose longtime behaviours could be very different. We overcome 
this difficulty using the so-called Benedicks-Carleson argument that 
is originated in the study of Henon maps. It was introduced to 
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the study of quasi-periodic cocycles by Young [T2|, who showed 
among other things that for certain parametrised family of quasi- 
periodic cocycles, the Lyapunov exponents are large for a large set 
of parameters. More recent developments of this type of arguments 
can by found in Our main observation is that Benedicks- 

Carleson arguments provide a unified mechanism for hyperbolic- 
ity for all the energy that is not removed from the parameter exclu¬ 
sion. Roughly speaking, for a short interval of energy that could 
cause non-uniformly hyperbolicity, we have only one "bad" alpha¬ 
bet that could ruin the exponential growth of the associated cocycle. 
We inductively define a nested sequence of subset of the subshift 
starting this alphabet, so that (n -|- 1 )—th set is contained in n—th 
set, and each time we consider the Poincare return map restricted to 
(n -|- 1 )—set and form an accelerated cocycle defined over (n -|- 1 ) —th 
set, which is just the consecutive multiplication along the first return 
map. We inductively prove that the accelerated cocycles are highly 
hyperbolic and the most expanding and most contracting directions 
can be related to those of the previous accelerated cocycles. The only 
problem occurs when apply the matrix corresponding to the "bad" 
alphabet. We then remove a set of energy each time to produce cer¬ 
tain amount of transversality. For the remains of energies, the corre¬ 
sponding Schrodinger cocycles are exponentially increasing along a 
subsequence in time (this can be compared to one of the main results 
in which says that a cocycle is uniformly exponentially increas¬ 
ing is equivalently to being uniformly hyperbolic ). Since we can get 
good control of the closeness of the stable/unstable directions for 
matrices in consecutive steps, the parameter removed in each step 
stays close to the parameters removed in the previous step. Finally, 
we find a subset of the subshift with positive measure whose ele¬ 
ments have good forward and backward landing time at arbitrarily 
large time scale, which would preclude the existence of generalised 
eigenfunctions of polynomial growth. 

1.2. Structure of the paper. In Section ^ we introduce the setting 
and the notations. We also show an a priori bound for the spectrum 
based on a classical theorem of Johnson. In Section |31 we introduce 
a sequence of objets and parameters that will later help us estimate 
the spectrum and control the dynamics. In Section H] we deal with 
a technical lemma that will be used repeatedly in Section |5l Section 
|5] is devoted to the construction and estimation of the objets intro¬ 
duced in Section |3l In Section [ 6 l we relate the objets introduced in 
Section |3] to the spectrum, which is the main novelty of this paper. 
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In Section [Zl, we estimate the spectrum and conclude the proof of the 
main theorem. In Section [81, we prove Theorem |4| and Theorem 0 

Acknowledgement. I am grateful to Artur Avila for his supervi¬ 
sion. I thank Jean-Paul Allouche for his comments on complexity 
functions which were used in an earlier version. I thank Sebastien 
Gouezel for useful conversations which give a part of the motivation 
of this paper. I thank Zhenghe Zhang for reading an earlier version 
of this paper and comments. Special thanks go to David Damanik 
for his generous encouragement, his interest in this problem and de¬ 
tailed comments, these including pointing out an important mistake 
in the statement of Theorem |2| in an earlier version; and to Qi Zhou 
for his consistent support and many interesting mathematical and 
non-mathematical conversations. 

2. Ergodic Schrodinger operators over subshifts 

Given a finite set A, we define the shift transformation T on 
by T{co)n = cOn+i- Let O be a T— invariant compact subset of A^. 
Let fi G ^(n) be an ergodic T— invariant measure. Without loss of 
generality, in this paper we will always assume that 

n = suTp-pn 

for otherwise we can replace O by suppfi. We will assume that for 
any a ^ A, we have 

p{{co;coo = a}) > 0 

for otherwise we can replace A by one of its subsets. 

Let u : zl —> IR be a function. Without loss of generality, in 
this paper we will always assume that: for any a, /3 G A, we have 
v{a) 7^ To each such v, we can associate a continuous func¬ 

tion V : n —^ ]R defined by V{co) = v{coo). In the study of ergodic 
Schrodinger operators, V is usually referred to as the potential func¬ 
tion. In the following, we will call both V and v the potential without 
causing ambiguity in understand the results. Lor each a; G O, let 
denote the spectrum of the Schrodinger operator on £^(Z) de¬ 
fined by 

(2.1) {liwU)n = W«+l + Un-\ + V{T'^Co)Un 

It is well-known that E^; is the same for p almost every oj. We denote 
the almost sure spectrum of this family of operators by Ej;. When 
there is no confusion on the potential function v, we denote E = E^,. 
It is also well-known that when (Cl, T) is minimal, E^; is the same for 
all CO. Although we will not exploit this fact in this paper. 
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Denote R = ( 17 ( 0 :) For any a. ^ A, we denote 

lE 


= 


E — v{a] 

1 


-1 

0 


and 


We define a function : Z x O SL(2, R) by setting 
A^(0,a;) = Id 

A^(k,cv) = A^(r^-i(a;))---A^(a;)foralU>0 

and 

A^(-k,cv) = A^(r-^(a;))“i---A^(r-i(a;))“iforalU>0 

For any n,m > 0, any a; G O we have the following relation 

A^(n + m,co) = A^{m, T’^(co))A^(n,co) 

For any finite word a = oiooii • • • cOn-i, where coi G A for all 0 < i < 
n — 1, we define 


Definition 1. For any function v : A ^ R, we call v an admissible 
potential if for any two distinct elements a, f G A,wehavev{ix) 7 ^ t>(/3). 
For any admissible potential v, we denote Xy = mina;,^gA,ay^ ~ 
v{f)\, and call it the sparseness constant of the potential v. 


We have the following notion called "Uniformly Flyperbolic". We 
use the definition in adapted to our situation. 

Definition 2. Fix an admissible potential zi : A —^ R, for each £ G R, 
we have a map A^(l, ■) : O —> SL(2,R), and we call it the Schrodinger 
cocycle at energy E. The Schrodinger cocycle at energy E is called Uni¬ 
formly Flyperbolic if there exists two (necessarily unique) invariant con¬ 
tinuous sections 

Cs, Cu : Q —>■ P^R^ 

with es(cv) 7 ^ eu{co) for any cv G O, and Cg is uniformly repelling (in the 
P^R^ direction) and Cu is uniformly contracting (in the P^R^ direction). 

We have the following well-known result (see Il8l ) 

Theorem 6 (Johnson). WehaveD = {£; A^(l, •) is not Uniformly Hyperbolic} 
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For any Eq G R, we associate an interval centered at Eq 

Ie, = [Eo-H,Eo + H] 

for some constant H > 0 to be determined as follow. 

We choose H > 0 such that, for any E ^ UeoeR Ieq/ ^^(1 /-) is 
Uniformly Hyperbolic. Indeed, when H is sufficiently large, for any 
£ ^ UeoER Ieq, there exist two closed cones C+, C_ C IR^ such that for 
any a. ^ A, we have A^(C+) \ {0} C intC+ and (A^)“^(C-) \ {0} C 
intC-. A classical construction in dynamical systems shows that this 
implies A^(l, •) is Uniformly Hyperbolic. 

Hence by Theorem [6] 

(2-2) SC U 

EqER 

We will need the following general result on lattice Schrodginer 
operators. (see lH) 

Theorem 7 (Berezansky). Almost every E with respect to the spectral 
measure admits a generalized eigenfunction of polynomial growth. 

In particular. Theorem [7] implies that for any potential v, for any 
CO G Cl, almost every E with respect to the spectral measure of the 
Schrodinger operator associated to co, there exists X G C,d > 0 
such that 

||A^(n,a;)X|| < C(|n| + l)^Vn G Z 


2.1. Notations. Throughout this paper, we will use < and > to de¬ 
note less than or greater than up to multiplying a universal constant. 
In places we use Laudau's 0(/) to denote a quantity majorized by 
a universal constant times /, and use 0(/) to denote a quantity mi- 
norized by a positive universal constant times /. 

For any a,b G M, we will use — ^Ir/ttz to denote the distance 
from a — b to the set {kn}Eez.- For any two vectors Xi,X2 G 


such that Xi = r, 


cos 9i 
sin 9i 


for i 


1,2, we denote Z(Xi,X 2 ) 


01 - 


^2|r/7tZ- 


3. A TOWER CONSTRUCTION 

In order to prove Theorem|3l it suffices to prove that for any a G A, 
we have the corresponding upper bound for the Lebesgue measure 
of E n Then Theorem |3] will follow from (I2.2D and the fact that 
card{A) < oo. 
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Throughout Section |3] to Section [71, we fix ocq ^ A and denote Eq = 
v{oiQ) G R. Then Theorem |3| is reduced to the following. 

Theorem 8 . Under the condition of Theorem^ for any 0 < 7 < ^ where 
L is given by condition (2) in Theorem |3l there exists a constant Q > 
0, such that for any admissible potential v : {!,■ ■ ■ ,k} —> IR, we have 

Hereafter, we will assume that the condition in Theorem |3| holds. 
We denote 

A, 

Define 

A = {a; G n;a;_i 7^ ao, oiQ = a;o} 

^(i) — ^ Tl,CV — i 7^ IXq, CVq — Xq, • • • ,CVi_i — (XQ/CVi 7^ 

Since ergodic subshift (O, T, y) satisfies the condition (1) in Theo¬ 
rem |3l then there exists K > 0 such that 

K 

A = |_J A(,) up to a null set 

i=l 

We define 

Ao = A 

By our assumptions in Section [^ we have 

;M(Ao) > 0 

After possibly removing a null set from Ag, we can assume that 
for any co G Ag, there exist integers n,m > 0 such that T^[co) G Ag 
and T~^{co) G Ag. 

For any E G IR, for any a; G Ag, we define 

Iq{co) = mf{k;k > 0,T^{cv) G Ag} 

Tq{cv) = 

A^{cv) = A^{lo{cv),cv) 

Note that there is an ergodic Tg— invariant probability measure po on 
Ag given by 

''» = i 

For any E G R, we denote = Af^ and Cf = (C^)‘. For any 
CO G Apy we have that 

A^(T’^cv) = for all 0 < E < z - 1 
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For any 1 < i < K, for all co G we define 
C^{cv) = A^{i,cv) = Cf 

B^{cv) = A^{lo{cv)-hV{iv)) = A^{cv){C^{cv))~^ 

In the following, for any n > 0, we are going to define A„ C Ao, 
to which we associate a map T„ : A„ —> A„, an ergodic r„-mvariant 
probability measure fin, functions : A„ —> Z, r„ : A„+i —> Z, 
A^,B^ : An —> SL(2, R) satisfying the following properties: 

(PI) For any n > 0, ^(A„) > 0 and A„+i C A„; 

(P2) For every co G A„, In(co) = inf{m > 0; T^(co) G A„} < oo and 

Tn{iv) = 

(P4) A^{cv) = A^{ln{co),co)- 

(P5) For each 1 <i < K, for any a; G A„ D A^^p we have A^(co) = 

B ^( w ) Cf . 

(P6)r„(a;) = mi{k;k > 0, r^(a;) G A„+i} < oo for all a; G A„+i. 

By (P2), we see that T„ is the Poincare return map on A„. 

By (P2),(P4),(P5) and (P6) we get 


(3.1) Z„+i(a;) 

(3.2) B^icv) 


r„{a})-l 

/„(r;a;),Vn > 0,Va; G A„+i 


z=0 

A^{ln{co) — i,V(co)),yn > 0,Va; G A„ 


riA) 


By the definition of Aq, A^p, we see that lo{co) > 1 for all co G Aq. 
Hence by B.ID , we have lni<^) > 1 for all n > 0 and a; G A„. 

Notation 1. For any matrix A G SL(2,R) \ SO(2, R), we denote 
u{A),s{A),\{A) to be real numbers that satisfy 


A = R 


u{A) 


'A(A) 

0 


0 

A(A)-i 


R 


f-s(A) 


and A(A) > 1 


Here u{A),s{A) are well-defined up to adding a multiple of n. 
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In Section 0 we will construct a finite union of intervals, denoted 
by /„ C Ifg for each n > 0. We now infroduce a sequence of param¬ 
eters A„, Cn,Xn, Mn, Nn, K„ > 0 satisfying the following estimates: 


(3.3) 

(3.4) 

(3.5) 


0 < sup ln{co) 
rn{co) 


00 


E 

n =0 


1 


< Mn inf ln{co) 

ojeAh 

G {hIn/Nn 1}/Vrz ^ 0, Vm G /^n+l 

< oo 


For any n > 0, any E e Ieo\ U«>m>o /»j/ ^^y a; G A„+i, any 0 < 
q < r < rn{co), denote 

B’^ = A^(r„-\a,)) ■ ■ ■ 

then 

(3.6) G SL(2,R) \SO(2,R) 
and 

(3.7) |ii(BL-"(Bj(Tr‘(«)))lR/^z < in 

(3.8) |s(BL-s(Bj(T’(a>)))|R/„z < 

(3.9) A(B^) > 


Note that by taking r = q + 1 and (I3.6D , we have B^(Tj^ ^(cv)), B^(T^(co)) G 
SL(2,R) \ SO(2, R). This shows that the left hand side of (13.71) and 
(13.81) are well-defined. 

Moreover, for any n > 0, any E G \ UM-i>m >0 Jm, any co G A„, 
we have 


(3.10) A(B^(a;)) > > X„ 


We will choose an absolufe consfanf C > 1 such that 

(3.11) ||Cf II, WdsCiW < C,V1 <k< K,^E G 
We will use the following lemma to determine the values of Ag, Xo^ Mq. 


LEMMA 1. We can choose Mq = 


_ SuPo^gAp EM 


inf, 


coGAi 


E(<^) 


< 00 so that (13.31) is valid 


for n = 0. For any A > 0 sufficiently large, we can choose Ag = jKxo = 
log Ag so that (13.101) is valid for n = 0. Moreover, for any A > 0 suffi¬ 
ciently large, we have (13.61) /or n = 0. 


Proof The hypofhesis (13.31) follows from fhe definition of Mg. If fol¬ 
lows from condition (2) in Theorem |3] that Mg < oo. 
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For all A sufficient large, for any E G any a ^ A distinct from 
with f] = E — v{oi). When A is sufficiently large. 


ao, = 


V -1 
1 0 


we have |E — z;(a:)| > |u(a;o) — — E| > A — H > ^A. 

It is direct to check that there exists absolute constants e > 0, A > 0, 
such that the following is true. Denote C C 1R2\{(0,0)} as 

C = {{x,y)-,x 7 ^ 0, \y\ < e|x|} 

for any X G C, for any y such that \rj\ > A we have 


n -1 
1 0 


X G E and I 


n -1 
1 0 


XII > 3,I|X| 


Then when A is sufficiently large, for any x ^ A distinct from Xq, any 
E G Ieq and any X G E, we have 

A^X G E andllA^Xll > ^A||X|| > ^A||X|| 

Since for any co G Aq, in (|3.6)l is a product of some matrices 
in set we have (13.101) , (13.6D for n = 0 with our choices of 

Aq, Xo in the statement. This completes the proof. □ 

The sets /„ will be defined and the precise choices of parameters 
^n, Cn,Xn, Mn, Nn, will be made clear in Section|3 

We have the following lemma that will be used repeatedly. 

LEMMA 2. There exists C 5 > 0 such that for any e > 0, any u,s,u,s G R 
satisfying \u — u\]R/nZ> |s — s\^/nZ < e, for any 1 <k < K, any E G Ie^, 
we have 


Z(Rn_gC^Rii 


,Rn_gCj^ Ru 


< cse 


Proof Since the norm of is uniformly bounded for all E G Ieq and 
1 < k < K, the lemma follows from straight-forward calculations. 

□ 


4. An iteration scheme 

In this section, we will prove a lemma that will help us control the 
dynamics for energies that satisfy certain transversality condition. 
Throughout this section, we will use the following notations. 

Notation 2. For any E g Ieq, any n > 0, any co G A„, integer r > 1 
such that 

(4.1) B^(4(a;)) G SE(2,R) \ SO(2,R),VO < ; < r - 1 
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we denote 

Uj{E) = u{Bl(Tl(co))),Sj{E) = s(Bl{Tl(co))),Xj{E) = A(Bj(r'(w))) 

for all 0 < j < r — 1. 

Denote 

c^’i = C^nUa)) 

= ■ ■ ■ C^'^B^(T„(aj))C^''B^(aj) 

Dj(E) = R5-.„.(e)C"''^‘R„,(e) 

for alio < j < r — 2. 

By (P2),(P5) and (P6), when co G A„_|_i and r = r„{co) we have 

= bL,(^^) 

The main goal of this section is the following lemma, which says 
that under certain transversality conditions, we can give good lower 
bound for the norm of when r is not too large, and at the same 
time, keep track of its stable,unstable directions. Similar estimates 
can be found in ||2l, llTTfl . iri2l . We need a slightly more precise esti¬ 
mate. We should notice that we only require the norm control of 
the stable/unstable directions. In this aspect, our lemma is simpler 
than the ones in those papers mentioned above. 


LEMMA 3. There exists a constant A > 0 and Ct_,T > 0 such that the 
following is true. For any n > 0, r > 1, E G Ieq, uny co ^ An such 
that (14.111 holds. Let B^,Uj(E),Sj(E),Aj(E) for 0 < j < r — 1, Dj(E)for 
0 < j < r — 2be defined in Notation^ Assume that we have 


(4.2) 

(4.3) 

(4.4) 


Z(D,(£) 


A|(E) 


'1 


o' 

0 

/ 

1 


r 


> A„ > A, VO < I < r — 1 

> K„ > 2A“^,V0 < / < r-2 


Then B^ G SL(2,R) \ SO(2, R). Moreover, 


A(B^) > C”^'' 


r-l 


1=0 


K 


r 

n 


s(B^)-So(E)|K/7rZ/|w(B^) - W-i(E)|R/7rZ < C^A„\„2(r-l) 


The key ingredient in the proof of Lemma|3]is the following lemma, 
which corresponds to the statement in Lemma |3] when r = 2. 
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LEMMA 4. For any Q > 1, there exists X > Cq, such that for any A > A, 
K G (0,1),/or Ao,Ai > 0, D G SL(2,R), let 


(4.5) 

If we have 

(4.6) 

(4.7) 

(4.8) 


A = 


Ai 




D 


Aq 


^0 ^ 


Z(D 


||C>|| < Co 

min(Ao,Ai) > A 

) > K > X~ 


'1 


o' 

0 

/ 

1 


then we have A G SL(2, R) \ SO(2, R). Moreover, 

(4.9) A(A) > Cq-UoAik 

(4.10) ^ ^ 

Proof of Lemma^ We denote 

f{x) = ||A 

and 


COSY 

sinx 


D = 


By (|4.6|l . we have that 
(4.11) 

By (I4.8|l . (I4.6|l we have 


0 b 
c d 


|fl|,|fc|,|c|,|d| A C(] 


(4.12) 


\a\ = |(D 

> 1 


|D| 


■ sin Z(D 




Simple calculations show that 


(4.13) 

Then 


A = 


AqA^o Aq ^\\b 

^Aqc Aq ^Aj^ 


A 


cos a 


AqAiO cos a + Aq ^A.ib sin a. 

sin a 


1 11 

A/ Aqc cos X + A,^ A/ d sin a 
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and 

(4.14) 


f{oi) = (AgA^fl cos a. + sinaY + 


(A^ ^Aqc cos a + Ag ^A^ sina)^ 

Note that by (I4.13I) , (I4.6I) , (14.7|) . (I4.12|) and the second inequality in 
(I4.8II , we have 

(4.15) fr(A) = AgAifl + Aj^^A^^d 

1 


> 


> 


lOCo 

J. /s A, r> 

A - A-^Co 


lOCo 
> 2 

when A is bigger than some constant depending only on Cg. Thus 
A G SL(2, R) \ SO(2, R) when A is sufficiently large depending only 
on Cg. 

Define 6 by setting 

f{d) = sup/(a) 

a 

Note that by (I4.15|) . 6 is uniquely defined up fo a multiple of n. 

Then 


/'(») = 0 

/'(a) = 2 cos(2a;)Li + sin(2A;)L2 


(4.16) 

We have 

(4.17) 
where 

(4.18) Li = ?Yab + 

(4.19) L 2 = —AqA-iY + XQ^X\b^ — AgA^^c^ + A^^A^^rf^ 
By (14.161) , (I4.17|) we have eifher 


or 


9 = - tan 
2 

1 

6 = - tan 
2 


- 1 / 


- 1 / 


2 Li 
Li 

£.2 ' 2 


mod ttZ 


n 


mod ttZ 


here we consider function tan as a function from { — to R. 
Now we estimate | Lj |, | L 2 1. 

By (14.11)1 and (14.181) , we have 


(4.20) 


I Li 


< 2A?c2 
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When A is sufficiently large depending only on Cq, by (I4.12|I . (I4.8|I 
and (14.191) we have 


(4.21) 


> |h2| > Cq ^A^A^k- 


- 2 i 2 , 2„2 


Hence by (14.201) and (I4.21|) 


(4.22) 


j- 2 Li ^ 

tan 


< 


1^1 

L 2 


< ^4.-2 -2 

^ GqAq k 


Now we are going to compare /(2 tan ^( —^)) and /(2 tan ^( —^ 


2 Li 


TT' 

2 ^ 


If 0 = 2 tan ^( —^)/ when A is bigger than some constant de¬ 
pending only on Cq, by (I4.14|) . (|4.17|) . (I4.12|) . (|4.7)) . (|4.11|) and the sec¬ 
ond inequality in (I4.8|) we have that 

f{0) > (AoAiCo“°(^)k-Ao-1AiCo)2-CS(A-1Ao + Ao-1a-1)2 

> C“°A)> C“°A) max(A§, A?)A2 

If0 = 2 tan“^(—^) Y/when A > l,by (I4.14)) , (|4.17|) , (|47)) , (I4.11|) , 
(|4.22|) and the second inequality in (I4.8|) we have that 

f{0) < (Ao-UiCo°(^)k-2 + Ao-%Co)2 + c5(Ai-1Ao + Ao-1Ai-1)2 

< C°A) (a2 + a5)k“^ < C°A) max(A?, A§)A 

Thus we have showed that /(2 tan“^( — ^)) > /( 2 tan“^( —^) -|- 
j) when A is sufficiently large depending only on Cq. Since clearly 
that / is 71—periodic, this implies that we can take 


(4.23) 


6 = - tan 
2 


- 1 / 


2 Li 


Since A > A, when A is sufficiently large depending only on Cq, by 
(|4.23|) and (|4.22|) we have 


101 


< ^4.-2 -2 

A; '-' 0^0 ^ 


By definition, we have 9 = s — ^ modulo ttZ. Thus we have 


n 


-sIr/ttZ < cJAq^k 2 < c^A 


■^ 41 - 2,^-2 


K 


By symmetry, we have 


|i^|r/7tZ ^ QA 


4 ^-2^-2 


This proves (14.101) . 

By (US, ^ and (Q, 


/ ^ Cq^A^A^k^ 
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It is easy to see that 
Hence 

This proves (I4.9I) . 


(r = f{ey 


^ ^ CqUoAik 


□ 


Proof of Lemma^ Recall that Uk{E), S]^{E), are defined in No¬ 
tation |2l By definition 

Ay(£) 0 


BniU(cv)) = 

Then 

rA,_i(E) 


0 ATE) 


-1 


B^ = R 




Di 


A.-i(E)-i 
Ai(E) 

Ai(£)-i 


Dr- 

Do 


%-s,(£yV0<;<r-l 

A,-i(£) 


''-2 A,_i(E)-i 

Ao(E) 


Ao(E) 


-1 


R7 


-Sq(E) 


For all I > 0, we denote 


b(0t = 


'A/(E) 


A/(E) 


-1 


D,_ 


z-i 


'Az-i(E) 


Di 


Ai(E) 


In particular, we have 

g( 0 ),£ _ 


Ai(E)-i 
Ao(E) 


Dr 


A/-i(E) 
■Ao(E) 


-1 


Ao(E) 


-1 


Ao{£)-'. 

For any / such that G SL{2, R) \ SO{2, R), we denote functions 

= U{B^^'>'^), S(;) = S{B^^'>'^), (Tl = 

where 
(4.24) 

We have 
(4.25) 
h(E) 


(b(')A), 

S(Z) =s(b(')'^). 

o' 

II 

o' 

n 

S( 0 ) = y/ ^0 


g(/+l),£ _ 


■A/+i(E) 


Ai+i(E) 


-1 


Di{E)Ru (^E) 


aiiE) 


-1 


R, 




(4.26) 
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We will inductively show that for some absolute constant P > 0, 
for all 0 < Z < r — 1 we have. 


(4.27) (Ti > In 

j (, . P '2. — 2 

(4.28) \U{l)m/nzA^ ~ < C Ik„ A„ 


By (I4.24|) . we clearly have (I4.27|) . (|4.28|l for 1 = 0. 

Assume that for some 0 < I < r — 2, (I4.27|l and (14.281) are valid and 
G SL(2,R) \ SO(2,R). By (14^ for I, we apply Lemma |2l (14.4)1 
and (14.31) to see that 




(4.29) 


'1 


o' 

0 

/ 

1 


) > ADi(E) 


'i 


o' 

0 

/ 

1 


) — C5C^^^^Zk„ 


-2 

n 


> Kn 


C5CO(l) 


rK„ ^A 


-2 

n 



The last inequality is true by (14.4)) when we choose C 2 to be suffi¬ 
ciently large. We note that C 2 can be taken to be an absolute constant. 
By (14.2)) . we have 


A/+i(E) > A„ 

When A > A where A is given by Lemma ID with Cq = C, we apply 
LemmalDfor Ai = A/_|_i(E),Ao = a'/(E),D = Dl{E)Ru^^y We note that 
by (14.27)) for I, (14.29)) . (14.3)) and (14.2)) that the condition of Lemma ID is 
satisfied for k = 

By Lemma ID we have 


A+l(E) 

n 

>,(£) 

A,+i(E)-1_ 

LJ 

<^/(E)-‘J 


G SE(2,R) \SO(2,R) 


By (14.251) . we obtain that G SE(2, R) \ SO(2,R), Moreover, 


DiiE)R, 


( 0 (E) 


G;(E) 


aiiE) 


-1 


rA/+i(E) 

A(+i(E)-\ 

G+l(E) 

<ri+l(Er\ 

Then by Lemma D and the fact we assumed C > 1, we see that by 
enlarging P if necessary, we obtain 


= Ru 


(HI) 




p — _ 2 _ 2 

(4.30) |W(;+i)|]R/7tZ/|S(Z) - < C A„ K„ 

(4.31) (Ti+i > C~^\i+i(riKn 
We note that we can choose P to be an absolute constant. 
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By (I4.28|) . (I4.30|) . we have 

I I I ^ 

F(I+1)|]R/7tZ/ 1-2 “ ®(/+l) 


R/7tZ 


< C^(/ + 1)k“2a 


- 21-2 
n 


This recoved estimate (14.281) for 1 + 1. 

Since by (I4.27|) and the second inequality in (I4.3|) , we see that 


(7;K„ > A„ > A2 

Then by (|4.3H) and (|4.2|) we have 

^l+l ^ 

when A is sufficiently large depending only on C. Hence we have re¬ 
covered estimates (|4.27|) for I + 1 and have completed the induction. 
Moreover, we see that (14.311) holds for any 0 < I < r — 2. 

By (14.271) for I = r — 1, we get 


(4.32) 

(4.33) 


Ar-1)(E)|R/7TZ < 


n 


-S(r- 1 )(E) 






Concatenating the estimates (14.31)) for 0 < I < r — 2, and using 
C > 1, we get 


r-l 


(4.34) 


> C'’'K'-'YlA,iE) 
1=0 


By (I4.26|) . we have that 

A(B£) = (7,_l 

u{B^) = + 

s(B^) = so + S(^_i) —— 

Then the lemma follows from ()4.32|) . (14.33)) and (14.34)) 


□ 


5. Choosing the parameters 


In this section, we will introduce several sets that will help us es¬ 
timate the area of the spectrum in Section [6HZl 

Definition 3. For any n > 0, we define 
K 

2 = 1 
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For a, /3 G An, 1 < j < K, e > 0, we define f{ix, e) C Ieq cls 
J{ cc,f,,i,e) = {E G G SL(2,R) \ SO(2,R) and 

^(^f-s(AE(/3))Cf^M(AE(a)) 0 ' 1 ) - ^} 

For a given choice of the sequence {A„}„g]N ( which in turn determines 
{A^}neiN,{B^}neiN, etc.) and {K„}neiN, we define 

(5.1) ]n = IJ }{a,f,j,Kn) 

oceAnAeAndAF^K 

(5.2) / = U/„ 


By Definition |3l. (P5) we see that, for any n > 0, 1 < j < K, any 
co,d) G An, any E G /„, we have 


(5.3) 

(5.4) 


BnM,B^i 


CO 


G SE(2,R) 


and 


'1 


o' 

0 

/ 

1 


\ SO(2,R) 

< ^n 


Now we will choose the parameters which 

were introduced in Section |3l In the rest of this paper, we use the 
following notation. 


Notation 3. For any n >0,we denote 

inf In = inf ln{co) 

COEiAn 

sup In = sup Inico) 

016 Ah 


The goal of this section is to show the following lemma. 

LEMMA 5. For any 0 < 7 < 7 ' < ^, any 0 < c < 2 — 37 ', there 
exists C', C", r > 0 such that the following is true. For any admissible 
potential v, denote A = A^, such that A > T, then there exists {A„}„£]n, 
and parameters A„, fn, Xn, A4„, N„, k„ such that: 

Let Aq, Xq, A4o be given by Lemma [I] For any n > 0, we define Jn by 
dH). Fhen we have (13.311 to (13.1011 . Moreover, for alln > 0 we have 


(5.5) 

U < 

(5.6) 

Xn > C'XO 

(5.7) 

Xfi ^ K-n Z Aq 

(5.8) 

Mn < C"Mo 














Proof. Denote 
(5.9) 
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f=-^log7' 

By the condition 7 ' < 1, we have ^ > 0. 

We choose an arbitrary sequence of integers {N„}, such that 

(5-10) Elog^ < f 

n=0 

(5.11) 

(5.12) 

By (15.101) , we get (I3.5D . 

Assume that is defined for all 0 < m < n for some n > 0 ( Ag 
is defined in Section |3]). By Rokhlin tower theorem and aperiodicity, 
we can and do choose 


-? < N„,Vn > 0 

- e 6 

Nn+i < 2N„,Vn>0 


^n+l C Afi 


such that for any co G A„_|_i, we have 

^ni^) ^ {^n/AIn 5 “ 1 } 

We inductively define A„ for all n > 0 and we gef (|3.4)) for all n > 0. 
We define that 

(5.13) Mn+i = > 0 

Nn 

where Mg is defined in Lemma [T] as Mg = ■ Since we already 

showed (13.41) , by (13.11) and (13.41) we have for any n > 0, for any co G 

^n+l/ 

ln+l{co) < rn{cv) SUp < (N„ + 1) SUp In 


and 


Z„+i(a;) > r„(a;)infZ„ > N„infZ„ 


If we have sup < M„ inf then we have 


sup In+l < 


N„ +1 

Nn 


M„inf/„+i = M„+iinf/„+i 


This gives (|3.3|) for all n > 0. 

By (15.101) and (15.131) , we obtain (I5.8D with C" = ef 
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We choose an arbitrary sequence {T]n}nei<i that satisfy 

(5.14) 

(5.15) 


n=0 


and ^ <r]n<Vo < 7 '/Vn G N 
Let P be given by Lemma |3l We define for all n > 0 

(5.16) Kn = A”'?” 

(5.17) = inf inf, + ^1^^) 

a;eA„l<r<r„(a;) ILi=o ln{T}i{co)) 

(5.18) A „+1 = e^«+iinfL+i 

Now we are going to verify (15.61) and the second inequality in (15.71) . 
We first show the following lemma. 

LEMMA 6 . There exists C' > 0 such that we have for all sufficiently large 
Aq > 0 the following 

(5.19) Xn+i > C'xo 

(5.20) Xn > Ag" 

for all n > 0. 

As a consequence, for all sufficiently large Xq we have (15.6|) and the 
ond inequality in (15.7|) for all n > 0. 

Proof. By (15.181) and Lemma [T] we have 

(5.21) logA„ < ;^„inf/„ 
for all n > 0. 

Hence by (15.161) , (I5.17|) and (15.211) , we have for all n > 0, 

(5.22) Xn+i > + T^^(-J/«logA„ - PlogC) 

1 

> + T^^(-?/„inf/„;^^„ - PlogC) 

> Xni'^-Vn) -P^ogC 
Since by (I5.9D , (I5.14I) and (15.151) , we have 

hn < 7^ < l,Vn > 0 

00 

and ^ J/„ < 

w=0 


sec- 


00 
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Then there exists C' > 0, C" > 0 depending only on P, C, Mq, such 
that if Xo > C", then we have 

(5.23) Xn+i > Cxo^n > 0 

This proves (I5.19II and (I5.6I) . 

To simplify the notations, by (15.22)1 . we note that we can choose C" 
to be large, still depending only on P, C, Mq such that: if,yo > C", 
then 


Xn+i > T«(l -eV) 


for all n > 0 . 

Then it is clear by (15.1811 that for all n > 0 

A„+i = gT„+iinfWi > ^Xn{l-eh')Nniniln > ^2 


The last inequality follows from (1 
This shows that we have 




7 ') > 2 by (15.91) and (15.111) . 


(5.24) 


^ 3,0 


This proves (|5.20|) . 

By (15.15)) . (15.16)) . ()5.20)) we have 


= A„'?" < < Aq-'^ 


This proves the second inequality in (15.7)) . 


□ 


Now we will define /„ inductively and verify (13.61) to (13.101) along 
the way. 

For n = 0, we obtain (13.61) and (13.101) by Lemma [T] when A is suffi¬ 
ciently large. 

Assume that for n > 0, we have defined for • • ,Jn-\ arid we have 
()3.6)) and ()3.10)) for 0 to n. We define /„ by (15.1)) . 

By (13.10)) for n and (15.15)) , (15.16)) , for any E e Ieo\ U«>m>o Jm, for 
any a) G A„, we have 


(5.25) 

(5.26) 


Kn 


> 


A(B^(d;)) > A 


In particular, we see that the first inequality in (15.71) for n is valid. 
We define that 


(5.27) 
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Bye < 2 — 37 ' . (I5.16|l and (I5.20|l . for A larger than some constant 
depending only on C, we have that 

352 _ 52-3,, > ^ 2 - 3 t ' > -^rc 


(5.28) k„A„ = A„ 

By (15.121) , we see that 

(5.29) Nn < 2”No 




Let C 2 > 0 be given by Lemma |3l Hence by (15.281) and (I5.29|) , when 
Aq is sufficiently large, we have 


(5.30) 


sup rn{co, 

COElS.n+\ 


< + 1 ^ C 2 ^^hA^ 


Combining (I5.3D , (15.41) , (15.251) , (15.261) , (I5.20D and (15.301) , we see that 
the condition of Lemma |3] is satisfied for any OJ G A„, any 1 < r < 
rn{co) and any E G Ieq \ Uo<m<M /m when Aq is sufficiently large de¬ 
pending only on C. 

Apply Lemma |3l we get 0.7|) , (|3.8|) , (|3.9)) for n and (13.6|) , (|3.10|) for 
n -|- 1 using (|5.17|) and (|5.18|) . By induction, we see that (13.6|) to (|3.10)) 
and the first inequality in (15.71) are valid for all n > 0. 

Finally by (I5.27D , (I5.29D we have that 

< C^A?-"2”No 


ByO < c < 2 — 37 ' and (15.201) , when Aq is sufficiently large depend¬ 
ing only on C, we have 

< A"'" < Aq-^”" 

This proves (15.5D . 

By Lemma [H, we see that Aq tends to infinity as A tends to infinity 
This concludes the proof. □ 


6 . Cover the spectrum 

The goal of this section is to prove the following lemma, which 
shows that under suitable conditions the spectrum is covered by /, 
where J is introduce in Notation |3l 

LEMMA 7. For any 0 < 7 < 7 ' < 5 , any 7 ' < c < 2 — 37 ', for all 
sufficiently large A, we define Jn and parameters A„, fn,Xn, A4„, N„, k„ that 
satisfy the conclusions ofLemma^with 7 , 7 ', c. Then we have E f] tfo C J. 
Here J is defined by (I5.2D in Section\^ 
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Proof. By Lemmafor all sufficiently large A, we have (I3.3|l to (I3.10|l 
and (15.511 to (15.81) for all n > 0. 

Letx = logsup^^j 




\A^\\. By (|5.6|l , we see that there exists 

C' > 0 such that Xn > C'xo > 0 for all n > 0. Hence we can take 
C 2 > 0 be a constant so that 


(6.1) A<C2A«/Vn>0 
By the choice of Xn in (13.9|) . we also see that 

(6.2) An<A/Vn>0 


By ergodicity, for fi — a.e.co G O , we can and do define 
ti{n,co) = inf{fc > 0;r^(ai) G A„} 
t2{n,co) = mi{k > 0 : T~^{co) e An} 
such that ti [n, oj), t2{n, co) < oo. Then for such co ^ Cl, we define 

lVi(n,a;) = r 6 (”'")(a;) 

W2{n,co) = 

It is direct to see that 

(6.3) Wi(n,co) = Tn{W2{n,co)) for ji — a.e.co e Cl 

(6.4) ti(n,co) < sup In 

Since {Cl,T,}i) is ergodic, it is a standard fact that (A„,r„, ^„) is 
also ergodic. Hence for — a.e.co G A„, we can and do define 

Si(n,a;) = inf{fc > 0;r^(a;) G A„+i} 

S 2 {n,co) = int{fc > 0; r“^(a;) G A„+i} 

such that Si (n, co),S2 {n, co) < oo. Then for such co ^ Cl, we define 

W 3 {n,co) = rf^^'^\co) 

Wi{n,co) = r“®^^”'"^(a7) 

We define 

1 

n„ = {a; G Cl;S2{n,C02{n,co)),si{n,coi{n,co)) > 2 Nn} 

By the definition of Si(-,-)/S2(v)/^‘^^^^^y‘^ ^ An suchthatsi(n, a;) > 

0 or S2{n, co) > 0 , we have co G An \ A„_|_i. Hence for any co G n„, 
we have that oil (n, a;), 012 ( 11 , 0 ;) G A„\A„+i. 


LEMMA 8 . There exists a constant C 4 > 0 such that }i{Cln) > c^for all 
sufficiently large n. 
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Proof. By dM]), for all m > 0, Am+i,Tm{Am+i)r • • 

are mutually disjoint and belong to A^. Moreover it is easy to see 

that their union takes up a proportion of A„, no less than We 

see from (P2) that r^”A„+i for 0 < fco < Nq - 1,0 < 

fci < Ni — 1, • • • ,0 < kn-i < N„_i, 2 N| < kn < Nn — 2 N| all belong 
to n„ Pi Aq, and are mutually disjoint for points in different sets have 

different landing time with respect to sequence Ai, • • • , A„+i. We 

1 

know that ^(n„) > ^(Ao)f^o(n„ p Aq) > }i{Ao) • • • 7 ^^ 

This proves the lemma since we have chosen Nn so that n~=o n^+i > 

0 . " □ 


Define 

00 00 

n' = fi U 

n=lm=n 

By Lemma m, we have 

}i{Cl') > 0 

In order to prove Lemma [71, it suffices to prove that: 

For all CO G O', we have 

Assume the contrary, then there exists a; G O' such that 

^cv{ho \ 7 ) > 0 

Here Vo; is the spectral measure of the Schrodinger operator associ¬ 
ated to CO. 

Then by Theorem[7l there exists \ } such that the Schrodinger 

operator with potential {z;(T” {co)o)}nez admitting a generalized eigen¬ 
function with polynomial growth (in fact, of degree 1 since we are 
considering a one-dimensional operator, but this point is not essen¬ 
tially used as we can see from the proof ). Thus there exists h G 
R2,C3 > 0 , such that 

(6.5) \\A^{m,co)h\\ < 03(1 -|- |m|)||/i||,Vm G Z 

By the definition of O', there exists arbitrarily large n, such that 
CO G On- Denote 

co^ = Wi(n,co), co^ = W2(n,co) 
co^ = W3{n,co^), co"^ = W4^{n,co^) 
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and 

ti = ti{n,co), Si = Si{n,co^), S 2 = S 2 (n,co^) 
We verify by definition that 
( 6 . 6 ) co^ = 

and 

Tn{cV^) = 

We also denote 

g = A^{ti,co)h 

Denote the argument of g by 6 {g). More precisely we have 

'cos 0 (g)' 


sin 0 (g) 


ll^ll 

By (| 6 . 4 |) we have estimate 

(6.7) llgll > WAHh^mM 

Since co G Q„, we have Si,S 2 > 0 . By definition 

a;2 = n^icv^) 

There exist 1 < ii, i 2 < K, such that 


G A 


ih)' 


G A 


ih) 


We denote that 
( 6 . 8 ) 

( 6 . 9 ) 


i=Q 

1-1 = 

!=0 


By (P 5 ), we have 

A^{-L2,w^)-' = A^(Tp(uil))---A^(T„(uil))B^(a,*) 
Denote 


Gf = A^(Li,ri(a;i)) 

Gf = A^(-L 2 ,a;i)-i 
G(E) = G^(a;i) = A^(ii,a;i) 
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By (I3.6D we know that G^, G| G 
and (16.81) , (16.91) we have 


SL(2, R) \ SO(2, R), and by dH]) 


( 6 . 10 ) 

( 6 . 11 ) 

Denote 


^lll ^ g(Ll + il)Xn+l 

^2 II ^ g(G + 6)Yn+l 


= u(G^), = s(Gj) 

= ^(Gf), = s(G 2 ) 


Then by (I3.7D , (I3.8D and (15.51) , we have 


|s^-s(B^(a;^))|R/7TZ/|w^-w(B^(a;2))|R/7rZ < <K^ 

Since E ^ //by (15.41) we have either 


( 6 . 12 ) 

(6.13) and Z(Rzi 
2 

or 


B^(a;i),B^(a;2) g SL(2,R) \ SO(2,R) 




'1 


o' 

0 

/ 

1 


> T<n 




G SO(2,R) or B 


CO 


G SO(2,R) 


The second alternate contradicts (13.61) . Indeed, we can apply (13.61) 
to E, 0^4, ^^ = §2 — 1 and r = $2', then again apply to q = S2 and 
r = S 2 + 1. Thus we have (16.121) and (16.131) . 

By (15.71) , we have Kn > A„^Byc > Y and Lemma applied to 
u^,s^,u{B^(co^)),s{B^(co^)), when Aq is bigger than some absolute 
constant, we can ensure that 


(6.14) Z{R,_,.C{E)R. 


'1 


o' 

0 

/ 

1 


>K„- C 5 A,, ‘ > L,, 


We distinguish two cases: 

(l)If we have |g(g) -u^\-R/nZ < 

Then by (16.141) and Lemma |2l we have 


ZiRn_^,G{E) 


'cos 0 (g)' 


'O' 

_sin 0 (g) 

/ 

1 


) = Z{Rn_^iG{E)R0(^g) 



> 
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In this case, when n is larger than some constant depending only on 
C 2 , we have 


|A^(Li+ zi,a;^)g|| = 


— \\RiA 


GfC{E)g\\ 

0 


|Gf| 

0 




RiT_giC{E)g\ 


> Cg lg(^l+^l)Tn + l;^^||g-|| (Ijy (|6.10D ) 

> C5‘^C“^e(G+ZikH+i-7AAnf/„||^|| (byd^) 


Si > 2 N^ 


(6.15) 

Since co G On > we have 

(6.16) 

By (16.81) it is clear that 

(6.17) Si sup > Li > Si inf/„ — ^ 

Then by (16.171) , (16.161) , for all large n we have 


(6.18) 


Li > -Siinf/„ 


Moreover by (16.11) and (16.21) , we have 

Xn+l > C2^X > C2^Xn 

Hence by (16.151) and (16.161) we have for all sufficiently large n that 

||A^(Li + h,cv^)g\\ > 

By (16.161) and (15.81) , for n sufficiently large we have 

(6.19) Si > 12 C"MoC2 > 12M„C2 

where C" is given by Lemma |5l 
Thus 

IIA^ (Li + z’l + fi, (u)lz II = II A^(Li + z’l, (x’^)yll 

By (16.181) , (16.ID and (I6.19D , we have 
1 1 

l^LiXn+l-sup InX > {-Siiniln-C 2 SUpln)Xn+l 


> |Siinf/„^„+i 
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By 1 < ii < K, (I6.4|I . (I6.17|) . (I3.3|l . (I5.6|) and (I5.8|l 
1 

Si mf InXn+l > T^Si sup InX 


Mr 


n+1 


> 


1 


0(M„ 


-(Li + z'l + ti)xQ > 


0(Mo) 


(Li + z'l + ti)xo 


Thus we have 

||A^(Li + z’l + ti,cv)h\\ > cg 

This contradicts (16.51) when n is large. 

(2)If we have |0(y) - u^\n/nZ > 

Since 

( 6 . 20 ) zz^ = s(A^(-L 2 ,a;i)) 

Similar computations shows that for all sufficiently large n > 0 we 
have 

||A^(-L2,a;i)g|| = ||(Gf)-Vll 

> C 5 

> C5 ^C“^e2GY«+i||g|| 

and we can reach a contradiction in a way similar to (1). This proves 
the statement in the lemma. 

□ 


7. Area of the spectrum and the proof of Theorem [3] 

To prove Theorem |8l. and as a consequence. Theorem |3l it remains 
to estimate the measure of /, where / is defined in (15.21) in Section 

Notation 4. For any n > 0, any a G An such that a = coicoi^i • • • 
for some 1 < i < K and 00 G A^^iyfor each 0 < m < n — 1, we define 

hdm{oi) = azfOZj+i • • • 

rrm{oc) = 

Here co = T~^Tn{co) such that d> G Pi some 1 < j < K. We 

can verify by (P2) that hdm {oc), rr^ (ix-) are respectively prefix and suffix of 
X, and belong to Am- 

The following estimate is essentially proved in (11 ( see also (TTl ) 
by explicit calculations. Here we give a sketched proof. 
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LEMMA 9. There exists Ci > 0 such that for all sufficiently large A the 
following is true. For all a, /3 G Aq, any i<;< K, any E G we have 
Af,A^ G SL(2,]R) \ SO(2,R). As functions from Ie^ to R/ttZ, E ha 

s{A^) and E ha u(A^) are C^. Moreover, consider E Rn u{Al) 

as a function from Ieq to PR^, we have 




>Ci 


Proof Since for any a G Al \ {xq}, any E G Ieq, we have |fr(A^)| > 
A - H. When A > H + 2, we have Af G SE(2,R) \ SO(2, R). 

Denote 

'1 

[o 

It well-known that under the condition of the lemma, s^, u^ are C^. 
We have 


,s^(E) = s{Aj),UcfE) = u{aI) 


(7.1) dE{R?^-sii{E)CfR uAeA) 

= -s^(£) (cf RuAeA) + R^R^-SfiiE) {cf RuAEA)^ECf (RuAeA) 

+D(R^_g^(£)C^^)(R„^(£)u)3£R„^(£)(z;) 

Here and the following, the derivatives of varies functions from E to 
PR^ are interpreted through identifying R/ttZ with PR^ as 


6 G R/ttZ ha R 


COS0 

sin0 


G PR^ 


Since SE(2, R) act PR^ through smooth, orientation preserving dif- 
feomorphisms, for any M G SE(2, R), any xp G PR^, we have 

DM{tp) > 0 

It is shown in [T]] ( see also ITTfl ) that 


^ER^-Sii{E){(p) < 0 
^ERtiAE)i(p) < 0 


for all (p G PR^. So the first term and the last term in (17.11) is non¬ 
positive. 

Since for any (p G PR^, we have 


C’R5-s^(£)(^) - 1 
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it remains to check that is uniformly bounded by a 

negative constant for all choice of a G A,1 < j < K and E G Ieq- 
Denote (p = It is well-known that for any ip G PR^, we 

have 

dEC^itp) < 0 

Then we have 

SECf(<P)=’Y,DCf(Cf_,(4.))dEC’^(Cf_,_ii4,)) < DCf_,(CH‘P))9EC'^(<P) 

i=0 

When A is sufficiently large, Uoc{E) can be made arbitrarily close to 0 
for all E G ffg. Then we can ensure that (p is close to v so that 

< iDcG,{H(<>))a£C'={!>) 

Straight-forward computation shows that the right hand is strictly 
negative. This completes the proof. 

□ 


Now we are going to show that the Lebesgue measure of / is small. 


LEMMA 10. For any 0 < 7 < 7' < any 7' < c < 2 — 87', there 
exists C 3 > 0, such that the following is true. For A sufficiently large, we 
define ]„ and parameters A„, Xn, Al„, N„, k„ that satisfy the conclusions 
in Femma^with 7,7', c. Define J by (15.111 . Then FebfJ) < C 3 A“'^ 


Proof By Lemma |5l for all sufficiently large A, we have (|3.3)l to (|3.10)l 
and (|5.5|l to (|5.8|) for all n > 0. 

For any n > 1, for any a G An, for any E G Ieq, if a = cOiCOi+i • • • 
for some co G A„ f] ^od 1 < i < by definition we have 


= B^(") 


Then for any a, /3 G An, for any 1 < i < K, for any Eg }{a, f>, i, Kn ) \ 
Uo<;<«-i /// by (Ei) we have 

A^{hdj{f)),A^{rrj{(x)) G SE(2,R) \ SO(2,R), VO < ; < n-1 

For any n > 1, any ix,f e An, any E G Ifg \ Uo<m<n-i Jm, by (|321» we 
know that 

(7.2) \u{A^{a)) - u{A^{rrn-i{oc)))\^/j,z < C«-i < 










by (I3l8ll 
(7.3) 
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Moreover by Lemma |2l ((7.2} . ((7.3} for all 1 < m < n, we see that 
for any £ G /(a, /3, i, Kn ) \ Uo<;<w-i Jj have the following 


A-'^ > 


' 1 ' 


o' 

0 

/ 

1 


— ^u{A^[rrn_i[0L))) 


T' 


o' 

0 

/ 

1 


— C 5 A; 




■roic^)’ 


'1 


o' 

0 

/ 

1 


) — C5(Ag ‘^ + • • • + Ag ^ 


Then 






T' 


o' 

0 

/ 

1 


) < C5(Ag '^ + • • • + Ag ^ + Ag 


Denote 6 = supj^>g(c 5 (Ag ‘^ + • • • + Ag ^‘^) + Ag '^). Then we have 
thatE G f{rro(a),hdo{^),j,0). 

Then for all n > 0, a, j6 G A„, any 1 < i < i<C we have the following 


{J{cL,^,i,Kn)\ U }j) C }{rro(a),hdo{^),i,9) 

0<j<n—l 


Take the unions of the above expression for all n > 0, a, j6 G A„, all 
1 < i < K, we obtain 

JC IJ /(n,/i,;,9) 

a,fieAo,l<i<K 

The right hand side is a closed set and by Lemma |9] and (13.111) , it is 
of measure 0(6). Since c > 7, then there exists a constant Q > 0 
depending only on 7,7', c such that 9 < QA“T' for all A sufficiently 
large. This concludes the proof. □ 


Proof of Theorem^ For any 7 G (0, |), we can choose 7' G (7,5) 
and c G (7^2 — 37'). Then when A is sufficiently large. Theorem 
in follows from Lemma [71 and Lemma [lOl When A is small, we use 
the trivial bound n ^£ 0 ) ^ ^ 2H. After possibly 

enlarging Q, we obtain Theorem |8l □ 
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8. Proof of Theorems] and Theorem [5] 

8.1. Proof of Theorem m The construction of the required subshift 
follows closely the proof of Theorem 1 in [H. We refer to IS for 
some relevant lemmata. Without loss of generality, let us assume 
that B is a countably infinite set of potentials and 0 < e < 1. We will 
inductively define collections of finite words S„, subshifts n„, closed 
subsets T.n,m for 1 < n < m. 

Porn = 1, we define 

(8.1) Si = {l,---,fc} 

We define Oi to be the two-sided infinite concatenations of the words 
in Si. We now pick any element V\ G B. For each word w G Si, we 
denote the spectrum of the periodic potential associated to Vi and w 
by El i(w), and define 

(8.2) Ei,i = U Ei,i(w) 

weSi 

Assume S„, n„, E,^, VI < i < n are constructed. We denote 

Sji 

For any given integer N„ > 1, we define 

Sn+1 = {Wn,lWn,2 ' ' ' 1 < ^ < N„ < Z < N„ + } 

and define 0„+i to be the two-sided infinite concatenation of the 
words in S„_|_i. It is direct to see that n„_|_i C n„. 

We pick any element Vn+i G B \ {vi, • • • ,u„}. For each 1 < Z < 
n -\-l, for each iv G S„_|_i, we denote the spectrum of the periodic 
potential associated to Vi and w by E;^„_|_i(w), and denote 

(8.3) Ef^„+i = IJ Ef,„+i(w) 

weSn+\ 

It is clear that Lc&(E„+i) >0. By a slightly modified version of 
Lemma 1 in ||T||, we can choose a positive integer N„ depending only 
on S„, Q„, E, „ such that the following is true. 

(8.4) Leb{i:i,n \ E,„+i) < 

for any 1 < Z < n. We define O = Hm ^n- For each u G B, denote 
the spectrum associated to O and v by E. For some Z G IN, we have 
V = Vj. Then following (Til, we have 

(8.5) E D lim sup E; „ 

n^oo 
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Then by the same reasoning in [H, we have LehilL) > jLebCLij) > 
0. Following the proof of Lemma 2 in ||T|], we can show that O is 
minimal and aperiodic. 

It remains to show that when Nn are properly chosen, we can en¬ 
sure that n has required complexity function. 

For any n > 0, define 

(8.6) Mn = min{|w|;w G S„},P„ = max{|w|;TP G S„} 

It is direct to see that 


(8.7) 

M^n+l 

> 


(8.8) 

Pn+1 

< 

(Nn+Nt)Pn 

(8.9) 

Sfi+l 

= 

ie, 

M2 K 

L\n \Jn\ 

Hence for any n 

IV 

o 



(8.10) 

Sn 

< 

r\j 

Mt 

(8.11) 

Pn+1 

Mn+1 

< 



From the construction, we see that we can also ensure that 

00 J 

( 8 . 12 ) < 00 

n>0 

Then there exists C > 0 such that for any n > 0, we have 
(8.13) Pn < CMn 


For any L G N, there exists n G N such that M„ < L < Mn+i- For 
any word w of length L, there exists two words Wi,W 2 G such 
that w is a sub word of the concatenation and is not a sub word 
of Wi. Assume 

(8.14) Wi = Wn,l ■ ■ ■ 

(8.15) W2 = Wn,l ■ ■ ■ ^n,knK,j 
We have four possibilities: 

(1) w does not intersect Wn,i • • • Then zp is a subword of w^j. 

Then there are at most |S„ |L possible choices of w; 

(2) w contains zp„ i • • • zp„ j(;„- Then iv is the concatenation of a suffix 
of ■ (possibly empty),zp „4 • • • i0n,kn ^^id a prefix of zp"'y. In this case, 
there are at most |S„ pL possible choices of zp; 
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(3) w intersect both Wn,i • • • '^n,k„ Then w is determined by 

a prefix of Ki of length at most L. There are at most |S„ |L possible 
choices of w; 

(4) w is contained in Wn,i • • • "Wn^kn- Then there are at most Pn|S„| 
possibilities. Since P„ < CM„ < CL, we have at most CL\Sn \ possi¬ 
bilities. 

Combining all three cases, we have 
(8.16) p(L) < |S„|L+ |S„|2 l+ |S„|L + C|S„|L < 

This proves the theorem. 

8.2. Proof of Theorem [5l Fix E G (—2 -|- v{i ),2 + v{i)), then Af 
is an elliptic matrix. Assume to the contrary that E ^ Ep. Then 
we can take an open interval neighbourhood of E, denoted by /, 
such that / C (—2 -|- v{i ),2 + v{i)) f] By Theorem the cocy¬ 
cle over O is Uniformly Hyperbolic. Thus we can define sta¬ 
ble, unstable directions, denoted respectively by s, w : O —^ PR^. 
After possibly reducing /, we can assume that for any E' G /, we 
have s{E'),u{E') : O —> PIR^, and for any a; G O, the function 
s{-,co),u(-,co) : f PIR^ are ( in fact analytic ) and the norm 
of these functions are bounded uniform in m G O. We take any 
a; G n such that coq = • • • = cojsi-i = i, where N will be chosen 
to be large. Denote = T^{co). Then s(E',a;') = {Af')^s{E^,co) 
for all E' G /. Straightforward calculation shows that the norm 
of s{-,co') will be &{N). When N is large, we have a contradiction. 
Hence E G E^;. This proves the theorem. 
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